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Abstract: Using superspace techniques, the complete and most general action of D = 10 
super- Yang-Mills theory is constructed at the a'^ level. No other approximations, e.g., keep- 
ing only a subset of the allowed derivative terms, are used. The Lorentz structure of the a'^ 
corrections is completely determined, while (depending on the gauge group) there is some 
freedom in the adjoint structure, which is given by a totally symmetric four-index tensor. 
We examine the second, non-linearly realised supersymmetry that may be present when the 
gauge group has a U(l) factor, and find that the constraints from linear and non-linear 
supersymmetry to a large extent coincide. However, the additional restrictions on the ad- 
joint structure of the order a'^ interactions following from the requirement of non-linear 
supersymmetry do not completely specify the symmetrised trace prescription. 
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1. Introduction 

One of the most fascinating results in connection with open strings and D-branes is the 
discovery [1,2] that for an abclian and constant field strength the a' expansion at string tree 
level can be summed up to yield the Born-Infeld theory [3] . The appearence of the Born- 
Infeld lagrangian can also be understood in other ways, e.g., through the superembedding 
formalism [4] or as a direct consequence of requiring the existence of deformed BPS conditions 
[5] . This latter approach probably leads to very similar if not identical results as demanding 
linear supersymmetry in ten dimensions. However, if one relaxes the condition of constant 
field strength the theory becomes substantially more complicated. A closed form for the 
lagrangian is not known in this case and the action has to be obtained order by order in 
the number of derivatives correcting the original Born-Infeld action [6,2,7,8]. For a review of 
these and other results regarding the role of the Born-Infeld theory in string theory, see ref. 
[9]. Further interesting results in this direction using open-string-related quantities [10] can 
be found in refs. [11,12]. 

The fact that non-abelian gauge theories are expected to describe a stack of coincident 
D-branes [13] raises many questions concerning the non-abelian generalisation of the abelian 
results alluded to above. As noticed by Tseytlin [14] a large class of the derivative terms is 
accounted for by using a non-abelian Born-Infeld action defined in terms of a symmetrised 
trace, STr, over the adjoint gauge group indices. In the non-abelian case, however, there 
are to our knowledge no results indicating that the action of the full theory, without any 
approximations, should be expressible to all orders in a' in closed form similar to the abelian 
Born-Infeld theory. Therefore it is of some interest to derive the full non-abelian D-brane 
action order by order in the a' expansion. Doing this directly from string theory quickly 
becomes rather difficult and it would be useful to find other means of obtaining these results. 
There are several ideas on the market, most of which are in one way or another related to 
supersymmetry. In the abelian case, many systems with Born-Infeld type actions and less 
than maximal linear supersymmetry have also a non-linear supersymmetry that can be seen 
to follow by a Goldstone mechanism [15] from a theory in which all supersymmetries are 
linearly realised. Also the superembedding formalism [4] is known to give rise to non-linear 
supersymmetries on the branes although in a much more indirect way [16], but, on the other 
hand, in this approach K-symmctry arises very naturally [4]. For maximally supcrsymmetric 
D-branes, their K-symmetric actions [17] can easily be gauge-fixed and seen to reduce to sys- 
tems with maximal linear supersymmetry [18] in less than ten dimensions. The Born-Infeld 
type actions obtained in this way can be immediately generalised to the ten-dimensional 
abelian vector multiplet. In cases with maximal supersymmetry, however, non-linear super- 
symmetries are harder to realise and are at this point very poorly understood. 

In the non-abelian situation it is known that linear supersymmetry fixes uniquely the 
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action not only at lowest order but also at order a'^ at least if one starts from STr as done 
in ref. [19]. The trace STr refers to the symmetrised trace in the fundamental representation 
introduced in [6]. Later it was proposed by Tseytlin [14] that the non-abelian Born Infeld 
action might be of the same form as the abclian one, which is the case if a symmetric ordering 
prescription is imposed by means of the symmetric trace. Later work has indicated that there 
are deviations from the STr prescription [20,21], but the situation is still rather unclear. 

One may also try to deduce the form of the non-abelian action by means of non-abelian 
generalisations of other symmetries appearing in the abelian case, e.g., the non-linear su- 

pcrsymmctry or the n symmetry. Trying to use parameters valued in the adjoint of the 
gauge group seems rather involved and would probably, if it could be realised, have very 
interesting implications in connection with non-commutative space-times and matrix valued 
coordinates [22] (see also the discussion in ref. [23]). An attempt to implement such ideas in 
the case of K-symmctry is described in rcif. [24]. A different approach, not directly related to 
supersymmctry, to deduce the structure of non-abelian Born-Infeld theory is used in refs. 
[25,26]. In these papers the authors exploit instead the background invariance related to the 
Seiberg-Witten map [10]. 

In this paper we continue our investigations of the ten-dimensional non-abelian super- 
symmetric Yang-Mills theory that we initiated in ref. [27]. Our approach relies on imple- 
menting only the linear supersymmctry in ten dimensions which is done in a manifest fashion 
through the use of superspace (see, e.g., ref. [28]). By solving the Bianchi identities (BI) for 
the non-abelian superfield strength Fab * imposing no constraints except for conventional 
ones [29] ^ , we managed in ref. [27] to solve the BI's and rewrite them as a set of algebraic 
relations between the ordinary physical fields and a set of pseudo-auxiliary fields (here the 
prefix 'pscudo' is used to emphasise the fact that these auxiliary fields are not sufficient to 
construct an action). Some of these relations involve derivatives on the physical fields which 
indicate that they will become field equations as soon as the superfield strength component 
of lowest dimension, Fai3, is given explicitly in terms of the physical fields. When we feed 
such an explicit form of F^is through the solution to the BI's the corresponding form of the 
field equations is obtained. 

Not knowing the exact form of Faf), this program has to be carried out in an iterative 
fashion order by order in a'. In order to find the most general form of the action compatible 
with linear supersymmctry we thus have to construct all possible expressions at each order 
in the a' expansion of i^^/j. At order a'^ this was done in ref. [27] proving that there is only 
one relevant expression in 

* Here A,B,... refer to the combined (vector, spinor) indices {a,a),{b,0),..., see ref. [27] for conventions. 
^ This was also suggested in ref. [30]. 
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(the vector term is set to zero as a conventional constraint), namely* 

Jabode = -ia'2M^BCZ?(A^r/r„6edern^)Fj° . (1.2) 

Here M^bcd is totally symmetric in all four indices and must be constructed out of the 

invariant tensors of the gauge group. As we will see in section 4, this is a less restricted 
form of the (unique) symmetrised trace, STr, appearing in string theory [6] at order a'^. 
The above form of Fa/3 has appeared in the literature before [30,19] but without proof of 
its unique status at this order. In the latter of these references the argument was turned 
around in the sense that the component action was constructed first by means of Noether 
methods, and the result was subsequently used to derive the required form of Fa/s- However, 
the symmetrised trace was used as input in the first step and the derivation of (1.2) was 
therefore less general than the one presented in ref. [27] . The resulting component action is 
derived in section 2, and presented here with explicit adjoint group indices A, B,C, . . .: 

-Qa'^MABCD\trG^G''G'^G'' - i(trG^G^)(ir G^G^) 

- 2G^\G''i\x^^iDjx'') + \G^''DiG''i\x''Tijkx'') (^.g) 

+ ^/^i.FG^^^(x^r,,fcX^)(x^r'=x^) 

- ^of''EFG^^^{x''T^'^x''){x''Ti,umX^)\+0{a'') . 

The trace tr refers to the structure of the Lorentz indices. Note also that it is only in the 
last two terms that the non-abelian structure is crucial since M-^bcd is non-zero also in the 

abelian case. As discussed in section 5, in the non-abelian case the number of independent 
structures in M"^ bcd depends on the gauge group. 

This paper is organised as follows. In section 2 we insert eq. (1.2) into the equations 
obtained in ref. [27] from the BFs. The result is the equations of motion, which in section 3 
are integrated to the complete action at order a'^ including all fermionic terms required by 
supersymmetry at this order. The answer agrees exactly with previously derived terms in, 
6.17., ref. [19] where however the quartic fcrmion terms were not given. In section 4 we present 
the form of the supersymmetry transformations to the order relevant for our purposes. We 



■'■ The overall sign is changed as compared to the expression given in ref. [27]. 
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also show that there exists an a'^-corrected non-linear supersymmetry provided the gauge 
group has a U(l) factor and the parameter takes values only in this factor. The corrections 
at the level considered are exactly the ones responsible for turning this symmetry from 
an abelian one into an ordinary second supersymmetry. Interestingly enough, we find that 
also the fields in the semi-simple part of the gauge group transform under this non-linear 
supersymmetry. However, since the parameter is abelian this symmetry does not have any 
implications for questions concerning non-commutative space-times. Section 5 is devoted to 
an analysis of the possible ways of constructing bcd, which turn out to be rather mildly 
affected by requiring the existence of a non-linear supersymmetry. We collect our results and 
some additional comments in section 6. 



2. Interactions at 0(a'2) from superspace 

In order to derive the field equations for Aa and A" we must insert (suppressing both a' and 
M^BCD in the following) 

Jabcde = W{XT[,t,A)Fae] + U^r,bcde^n)Ffg = -^iXTfTabcdeT' X)Ffg (2.1) 

into the following exact expressions obtained in ref. [27] by solving the superspace BI's: 

= D'Fab-XTaX-8D''Kab + 36Wa-l{Xja}-2JbraJ'' + j^JbcdraJ^'"^ , , 

1 b'd \ b d (■^•2) 

cdei 

and 

= - 30V + ^D^Ja + ^T'''"='''[X, Jabcde] . (2.3) 

Apart from Fab and A", the quantities appearing in these equations all arise, as explained in 
ref. [27], in the 9 expansion of Jabcde', J'-'^ at first, K's at second, ip at third, and u) at fourth 
order in 0. Explicitly, their precise relations to Jabcde are given by 

J~ 1 -pbcde 7-j T 

a — 1680 ^^bcdea ? 

Jabc = -^^'^'^DJdeabc - ^^{ab^'^'^^^ DJ\defg\c] > (2-4) 

Jabcde = D Jabcde + ^^[ab^^^ DJ\fg\cde] + ^^[abcd^^^^'' D J\fghi\e\ , 



^"■b ~ -f^{J^^'''^'^D)Jcdeab , 
Kabcd = ^{DV^J^D)J\fg\bcd] 



(2.5) 
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V-a = -sWWE\^-b/''^deJD[pD^Ds]r''-''- , (2.6) 

and finally 

^'^ = mhr^.^lt'^liefDc.D^D,DsJ''^'^f . (2.7) 

Here we have adopted the notation that keeps track of M^bcd and possible structure 
constants /^^c without having to write them out explicitly: Ar(")A means ^f"^BC 
and makes sense only for n = 1 and n = 5, while {A, Ja} instead means f^BC^^-^a- 
the case of two bosonic quantities, or one fermionic and one bosonic quantity, the anti- 
commutator indicated by the curly bracket is exchanged for an ordinary commutator bracket 
as in e.g. ^"''"^'^^[X, Jabcde]- At some places in the formulae below we use the curly bracket 
notation just as a way to keep track of structure constants. E.g., the very last term in Kab 
given below in eq. (2.11) should be read as -^M^BCof^ EF{X^Tab'''X'-'){X'^TiX^). 

Before we start analysing the consequences of eq. (2.1), we must make sure that at order 

6 in Jabcde, 

D Jabcde = Jabcde + lOFjaf, Jcde] + ^^[abcdJe] , (2.8) 

the field in the irreducible representation (00030) vanishes [27]: i.e., that Jabcde = 0, where 
Jabcde is T-traceless, must follow as a direct consequence of (2.1). Computing the result of 
acting with a fermionic covariant derivative on (2.1) and using the lowest order relations 
DocX^ = \{r'^^)oi^ Fij and D^Fab = 2(r[„£>(,]A)Q, we find trivially that the representation 
(00030) does not occur in the tensor product of the constituent fields, which implies that the 
condition is satisfied modulo terms of order a'^ and higher. 

We can now proceed to derive the lagrangian at order a'^ . The calculation can be 
simplified as follows. We start from the A equation above, obtain its explicit form to order 
a'^, and derive the action from which it follows. The pure F terms not obtainable this way 
can be derived by acting with a fermionic derivative on the field equation for A" keeping only 
the pure F^ terms. Thus we will actually not make use of the Aa equation (2.2) at any point 
in this paper. 

Concentrating on eq. (2.3) we first rewrite it using the following equation also obtained 
in ref. [27]: 

T'^^'DKab = -^V + iD'^Ja + Ml6r«''^<^«[A, Jabcde] • (2.9) 

Elimination of gives 

= ^A + J„ + ^T'^^'DKab + 4^r«^^''^[A, Jabcde] ■ (2.I0) 

When acting with spinor derivatives on Jabcde to derive the expressions for Ja and Kab, 
we find that terms of different powers of a' are produced. Higher order terms arise, e.g., by 
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using equations like Aab = Fab — ^Kab, where Aab comes from expanding DaX'^ in terms of 
tensors, DaX^ = A5a^ + |(r'-'')„''Ay + ■^{T^^''^)a^Aijki, and the leading term in Kab is of 
two higher powers of a' than Fab- Dropping all but the leading terms in a' we find: 

Ja ~ TqF F ^aijklX ~\~ ^Fa F"^ Y^jf^X 

- iFijF'^TaX + 2FajF^^TiX 

+ ^{Xr^''X)TijkDaX - ^{Xr^''X)TaijDkX + ^{XTjn)TiDjX , 
Kab = iFijF'^Fab - fFjFb^Fij (2.11) 
+ 'iF'^iXTabiDjX) + §F,^{XTj^DbX) 
+ fFJiXTbDiX) + §Fj{XTiDbX) + ^DaF'^ {XTbijX) 

+ ^{xri''x){x,rabijkX} - ^iXTab'x){x,TiX} . 

In deriving the final form of the equations of motion one needs to rearrange a number 
of trilinear A terms in order to have a minimal set of linearly independent terms. We refer to 
the appendix for the Fierz identities needed. For the complete equation of motion for A at 
order a'^ one finds 

= ^A + fF'^F^^TijkDiX + 2AF'kF^^TiDjX 

- fF^^DiF^'TijhX + iF^'^DiFjkT'X 

- ^{D'XTijkDiX)r^>'X - |(AAr,£)fcA)P^'=A (2.12) 

+ l{xr^''x)[F/,rjkiX] + i(AP^'=A)[i^,,,rfcA] 

+ ^F,,{A,r^'=""A}r«„A- i§F*^{A,r'=A}ri,fcA + F'^{A,riA}r,A . 

Since this equation is still written in terms of superfields we need to set ^ = in order to 
extract the corresponding component field equation (which is identical to the above equation). 
Having done so, we now turn to the construction of the action that gives rise to this field 
equation. 

3. The action 

To systematise the integration of the equation of motion to a lagrangian, we enumerate the 
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possible terms in the equation of motion, 



El 




E2 


= F'kF^'TiDjX , 


E3 


= F'^DiF^'^TijkX , 


Ei 


= F^^DiFjkV'X , 


E5 


= {D^XTijkDiX)r^''X , 


Eq 


= {DiXTjDkX)r^''X , 


E7 


= {xr^''x)[F'^,rijkimX] 


Es 


= {Xr^>'X)[Fi^,TjkiX] , 


Eg 


= {Xr^>'X)[Fij,TkX] , 


Em 


= Fy{A, r*-''^''"A}rfe;mA , 


Ell 


= F'^{X,r''X}T,jkX, 


E12 


= F'^{X,TiX}TjX, 



(3-1) 



and write the equation as = IpX + X]n=i ^nEn, with the numbers Xn given in eq. (2.12), 
(xi,...,a;i2) = (^,24,-^,|,-i^,-|,0, i,i,^,-i§,l). We also write the lagrangian as 

10 

^ = pure F-terms + ^XlpX + ^ am-^m , (3-2) 

m=l 

where 



^1 


= F'^F>'\XT,,kimD"'X) , 


^2 


= F\Fi^{XTiDjX) , 


^3 


= F'^DiF^''{XTijhX) , 


^4 


= F'^Fij{X]^X) , 


^5 


= F'oDiF''\XVi^kX) , 


^6 


= {Xr^''X){DiXTijhD^X) , 


^7 


= (Ar^'=A)(AAr,AA) , 




= (AP^'=A)(£)'Ar,,,fo„D™A) 




= F*^(Ar,,fcA){A,r'=A} , 




= F^^(Ar'=""A){A,ri,«„A} 



(3-3) 
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The system of equations for determining the Om's from the a;„'s is over-determined, unless 
two relations hold among the a;„'s, namely, 12x5 — xq + 8x8 = 0, X2 — 192a;io — 4a;i2 = 0. 
This consistency check is satisfied by the a;„'s in eq. (2.12). The solution is 

(ai, . . . , oio) = (— ^, 12, — |, — ^, — ii, — — |, 0, ii, g^) . (3.4) 

The only terms in the lagrangian that are not derivable from the equation of motion for A 
are the ones containing only F. They arc quite easily calculated by taking a spinor derivative 
on the equation of motion for A, keeping only pure ^"-terms, and found to be —6[trF^ — 
j{tr F^)"^], as expected from string theory scattering amplitudes [6] (the traces are over 
Lorentz indices with F seen as a matrix; the adjoint indices are as usual suppressed). The 
complete lagrangian at 0(a'^) is thus 



jSf = - iF'^F,, + \\ip\ 

^ -Q(trF^-\{trF^f) 



_ ^F'^F'='(Ari,«„£>™A) + 12F'feF^'=(Ari£>,A) 



(3-5) 



10 

- lF''DiF^\\Ti^kX) - fF'^FijiXipX) - ^F'WiF''\\Tijk>^) 

- ^{Xr^''X){DiXT,,kD'X) - |(Ar-"^A)(AAr,DfcA) 

+ ^F'\XrijkX){X,r>'X} + ^F'^{Xr>''"'X){X,Ti,kimX}] + 0{a'') 



Some of the terms, namely those that contain lowest order field equations, may be removed 
by field redefinitions. One may consider redefinitions of the forms 

where G is the field strength of B. The effect of these redefinitions of the physical component 

fields could also be obtained by redoing the supcrspacc calculation using a new conventional 
constraint in V^^Fa/s corresponding to changing the vector potential, together with a re- 
definition of the spinor that goes into T^°'^Fif). If one wants to continue the calculations to 
higher order in a', it may be more convenient not to perform them. The redefinitions shift 
the coefficients am as 5ai = f3, Sas = —2/3, Sa4 = a, Sa^, = —2(3 — 7, Sag = ^7. By choosing 
a = ^,/3 = ^)7 = — |)We remove the terms ^1, ^4 and ^5, which are the ones containing 
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the lowest order equations of motion, from the lagrangian. We then obtain the lagrangian in 
its simplest possible form at this level: 

J5f' =jSf'(0)+cK/2_^/(2) 



- 2G\G^''{xTiDjx) + ^G'^DiG^'^ixTijkX) ^^'^^ 

+ ^oG''ixTijkx){x, r'x} - ^G^' (xr'='™x){x, r^.^^x}] + o{a") . 

The terms up to quadratic in fermions agree with previous calculations [19], while the quartic 
fermion terms have not previously been given in the literature. We want to stress the fact that 
the calculation is exact at this order. It does not in any sense assume that "DF is small", 
a kind of assumption that is consistent in an abelian theory where it allows a consistent 
truncation to slowly varying fields, but not in a non-abclian theory, where commutators of 
covariant derivatives give field strengths. Derivative corrections to the abelian Born-lnfeld 
action are discussed in refs. [8,12], but for the non-abelian case there seems to be no previous 
results known at order a'^ that incorporate all possible derivative terms. 



4. Linear and non-linear supersymmetry 

Our formalism is manifestly = 1 supersymmetric, so there is in principle no need to check 
invariance under linear supersymmetry. However, in this section we will investigate the pos- 
sibility of having a'-corroctcd non-linear supersymmetries. The presence of such symmetries 
would indicate that the non-abelian theory could be viewed as embedded into a theory where 
all supersymmetries are linearly realised. The appearence of non-abelian parameters in this 
case would require the introduction of non-abelian 6 coordinates in the latter theory which is 
a delicate enterprise (for a discussion of this and related issues, see ref. [24]). Here, however, 
the parameter of the non-linear supersymmetry takes values only in the abelian part of the 
gauge group, so the non-linear supersymmetry found here, although indicating the possibility 
of embedding the theory into another theory, does not mean that this latter theory should 
be expressible in terms of non-abelian coordinates. 

In order to be able to discuss the relation between the linear and non-linear supersym- 
metries, we first derive the former. Since linear supersymmetry transformations are defined 
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as translations along the anti-commuting directions of superspace, see e.g. ref. [28], they read, 
using a parameter with a tangent space spinor index, 6^(^)0=0 = —{£°'Da4')e=o- Here we 
use the following conventions: Da is the ordinary flat superspace covariant derivative, without 
any connection term, i.e., {Da^ Dp} = —Ta[fdc = — 2r^^9c. The gauge-covariant derivatives 
are Da = da — Aa, D^ = Da — Aa, and commute to [Da, Db} = —Tab'^Dc — Fab, where 
the connections and field strengths act in the appropriate representation (in this paper, all 
fields carry the adjoint representation). A gauge transformation with parameter A is denoted 
T[A]. 

Of course, one may freely accompany 5^ by a gauge transformation. For the multiplct at 
hand, it is convenient to add a gauge transformation with parameter A = £°'Aa, and define 
a\ in order to turn D into a gauge-covariant derivative D. This leads to the 
following simple transformation rules for the component fields ("^ = 0" suppressed): 

Q,-Aa^ e"Faa = {sT aX) " 7(eJ„) , 

• A = -e'-DaX = \{Fij - f i^i,)r^e - W^K^j^i + ^D^ JmijkiT'''' e . ^^'"^ 

The supersymmetry algebra is ensured by the Bianchi identities. Consider [Qs,Qsi]Aa. It is 
obtained as 

Qe-{e"'Faa)-{e^e')^-2e''e'^D(aF\a\p) 

= -£"£"3(2r^^F,„ + DaFa/3) = -2{ere')diAa + Da{2{ere')Ai - e'^e'l^Fap) , 

where the dimension 2 Bianchi identity is used in the second step, so that the linear super- 
symmetries commute to a translation and a gauge transformation for any Fap, 

[Q„ Q,r] = -2{ere')di + T[2{ere')Ai - e^e'^Fap] . (4.3) 

On any tensor, the same algebra may of course be derived directly from the algebra of 
Q, = -e"Da+T[e''Aa] = -e'^Da- 

For gauge groups containing a U(l) factor, the undeformed action has a second, non- 
linearly realised supersymmetry: 



S^Aa = ■ 

6nX = f] 



[6n,Sri']=0, (44) 



with 77 taking values in the u(l) subalgebra. We want to examine what happens to this 
symmetry when higher order corrections are turned on. Let us denote the above undeformed 
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transformation si^K We then expect that drj, if it remains unbroken by the a'^-corrections, 
receives modifications a''^S^\ Invariance means that d^^Jf'^'^^ must be canceled against 



(4.5) 



We therefore calculate , and find that it is of the form (4.5) modulo total derivatives 

This property is highly non-trivial, and relies on the precise numerical coefficients in the 
action at order a'^ (it requires three linear relations between the six coefficients of terms in 
Jf' containing x). The modified transformations* are read off by comparing 5^°^ Jf' to eq. 
(4.5): 



/2 



kiV 



or, in terms of the original variables A and A: 



(4.6) 



- 2(r;r A)AA + j^(r?r^'=A)r,,7^fcA 

+ i(j?rA)ri^A- ^(j?r^'=A)r,,-,^A 



(4.7) 



The commutator of two non-linear supersymmetry transformations is read off directly from 
the transformations (4.6) or (4.7): 



[<5^,V]A = -24Q'2(r,rr;')AA 



(4.8) 



modulo field equations. Remember that the coeffients Mabcd are still present and sup- 
pressed. Redefining the transformation parameter as ^ = 2-^/3/1 a' 77, so that q, like e, has 



* The terms in the transformations containing Ipx or ]p\ are only relevant for the invariance of the action, 
not for the supersymmetry algebra, which only closes on shell. The linear supersymmetry transforma- 
tions do not get corrected by such terms since they are derived from the superspace formulation, and 
thus are on-shell transformations. 
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mass dimension — 2, gives a standard supersymmetry algebra: 

[Sg, Sg,] = -2{grg')di + T[2{grQ')A,] , (4.9) 

provided that when we decompose the adjoint indices as A = (0, A'), denoting the U(l) 
factor, Mabcd satisfies Moooo = Mqoa'B' = I^Sa'B'- A straightforward but non-trivial 
calculation also shows that the commutator between a linear supersymmetry (from eq. (4.1)) 
and a non-linear one yields a gauge transformation, 

modulo field equations (we have satisfied ourselves with doing the calculation acting on Aa). 
The shorthand notation of this equation is the same as in the action; quadratic expressions 
are contracted with 6ab, so the first term is an U(l) gauge transformation, quartic ones 
with Mabcd, so the second one contains Mqabc- Unlike the ordinary (undeformed) super- 
Yang Mills, where the non-linear supersymmetry is abelian, the a'-corrected theory may 
be seen as a theory with partially broken Jr^ = (2, 0) chiral supersymmetry where A is the 
Goldstone fermion. Starting from the ^ = (2,0) supersymmetry algebra and reintroducing 
the a! rescaling of the S generators, r] ct'~^Q, we can understand the supersymmetry of 
the undeformed super- Yang-Mills theory as a contraction as a' — > of the = (2, 0) 
supersymmetry algebra. 

5. The structure of the order a'^ interactions 

The tensor Mabcd is totally symmetric in the four adjoint indices. Table 1 (last column) 
gives the number P4 of linearly independent invariant tensors of this kind for simple algebras. 
For all algebras, there is always the tensor 6(^ab^cd)j and in the cases where the number is 
1, this is the only possible form of M. Algebras of su{N) type, N > 4, have in addition the 
tensor d(^AB^dcD)E, and for sp and 00 algebras there is a quartic invariant that can not be 
expressed in terms of a d-symbol with three indices (it can be taken as Tr f{T^ATBTcTD)))- 
so (8) has one more quartic invariant corresponding to the pfaffian. Linear supersymmetry 
does not restrict M further, so in the cases where P4 > 1 the coefficients of the different 
possible invariants are unrelated. 

If the algebra is not simple, more possibilities arise. Of particular interest is the situation 
when = g'®u(l), which is the case for multiple branes, = u(A'') ~ 5u(A'')©u(l). Then, we 
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decompose the adjoint index as A = {0,A'), denoting the u(l) part, and the possibihties 
are 

Ma'B'C'D' = ad(^AiB' dc'D')E' +b5(A'B'5c'D') , 
Mqa'B'C = cdA'B'C , 
MqoA'B' = dSA'B' , (S-i) 
Mqooa' = , 
Moooo = fJ' ■ 

Any values of a, b, c, d, jj, are consistent with linear supersymmetry. If one in addition de- 
mands the second non-linearly realised supersymmetry, one has to, as we saw in the previous 
section, take d = fi^O in order for these supersymmetries to commute to a translation. The 
remaining constants are unspecified. The "symmetric trace" prescription of Tscytlin [14], used 
without referring to string theory, becomes identical to our Mabcd oc Tr {T(^aTbTcTd))- 
However, in string theory the trace is by necessity in the fundamental representation which 
implies that, for su(A''), the generators satisfy 

Ta'Tb' = jfSA'B' + \{dA'B'^ + fA'B'^ )Tc' , (S-Z) 

and hence Mabcd contains a specific combination of all terms in eq. (5.1): a = 1, h — 
c = d = ji = j^. These restrictions are consistent with the condition we obtained from 
non-linear supersymmetry namely jj, = d. 



Lie Algebra g 


Ps 


P4 


Ai 




1 


A2 


1 


1 


An, n > 3 


1 


2 


Bn,n>2 




2 


Cn, n > 3 




2 






3 


D„, n > 5 




2 


exceptional 




1 



Table 1. The number of singlets in the totally symmetric product of 3 and 4 adjoints (could 
be enlarged to include higher Casimirs). 



M. Cederwall, B.E.W. Nilsson and D. Tsimpis: "D=10 super- Yang-Mills at o{a'^)" 



15 



6. Conclusions and comments 

In this paper we have derived the a'^-corrections (linear supcrsymmetry does not allow any 
corrections at order a' [27]) to the supersymmetric Yang- Mills theory in ten dimensions. The 
corrections obtained are the most general ones compatible with linear supersymmetry which 
is implemented by the use of superspace. As shown in previous work [29,27] the superspace 
Bianchi identities can be solved in full generality in terms of the component fields of a self- 
dual five-form superfield J abide- By expressing this superfield in terms of the physical fields, 
Fab, ) and covariant derivatives. Da, we derived in sections 2 and 3 the action resulting 
from the a'^ terms in Jabcde not removable by field redefinitions of the superfield A^. The 
action includes quartic fermion terms not previously given in the literature as well as a precise 
account of the freedom left after imposing (linear) supersymmetry. 

This remaining freedom is given by M^bcd which is symmetric in all four adjoint group 
indices and should be constructed from the invariant group tensors 5ab, dABC and Jabc- 
This is elaborated upon in section 5. Each independent way of writing M^^bcd corresponds 
to a new supersymmetric invariant that most likely will be given by an infinite power series 
in a! . This phenomenon will probably repeat itself at higher orders producing leading terms 
in an infinite set of new invariants, but it should be stressed that it can not be excluded that 
no additional freedom [i.e., new invariants) arises at higher orders. It is also important to 
note that the non-linearities of the theory will in general cause the superinvariants to mix at 
non-leading orders. 

However, the derivation of the action order by order in a! is a rather lengthy iterative 
process that contains some interesting aspects that could change this picture. One such 
feature of the solution to the superspace Bianchi identities obtained in [27] is that it requires 
the the tensor field in the irreducible representation (00030) of Spin{l,^) at first order in 
the 6 expansion of Jabcde to vanish. This is the only non-trivial test of a non-vanishing 
defining the theory. This starts to affect the analysis at order a'^ where one has to make sure 
that the terms that are allowed by group theory actually vanish. At order a''*, one has in 
addition to prove that the terms that do not vanish are exactly the ones that cancel the 
terms found in the analysis of the (00030) condition in this paper (see comments in section 
2). This analysis may turn out to provide rather severe restrictions at higher orders. Also, 
as we will discuss in a forthcoming publication [31], although there is a rather large number 
of possible terms contributing to Jabcde at order a'"^ most of them seem to be removable by 
field redefinitions of similar to the ones utilised in this paper at order a'^ . This amounts 
to identifying elements in the spinorial cohomology discussed in refs. [27,32] when expressed 
in terms of fields in the vector multiplet. 

Although the Born-Infeld action for a constant and abelian field strength does not 
contain any terms of odd powers of a', such terms will most likely appear as soon as either of 
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these restrictions is lifted. Derivative corrections to the abeUan theory have been discussed by 
several authors, see, e.g., refs. [8,11,12] showing that a'^ terms actually do not arise. In the 
non-abelian case, the situation is unclear even for the a'^ order terms (an early superstring 
computation of such terms can be found in ref. [33]). Applying our methods to this case will 
hopefully clarify the situation. 

Another intriguing feature of the corrections obtained here is that they allow for a 
second non-linearly realised supersymmetry provided, as explained in section 4, only a minor 
restriction is imposed on M^bcd- This restriction is compatible with the one obtained 
from string theory. It would be very interesting to investigate how this non-linearly realised 
supersymmetry generalises to higher orders, and to sec if it can be understood as resulting 
from embedding the theory in a similar theory where all supersymmctrics are linearly realised 
along the lines of ref. [15]. For non-abelian theories such embeddings have not yet been 
studied in any detail. However, some results that might be related to non-linearly realised 
symmetries with non-abelian valued parameters can be found in refs. [22,23,24]. What our 
work explains is how a non-linear supersymmetry with an abclian parameter can be made 
to act on non-abelian fields in a no n- trivial manner extending the linear symmetry to an 
■yK = 2 supersymmetry. It is clear that from the perspective of ^ = 2 supersymmetry, 
the corrections at order a'^ considered in the present paper are special — it is exactly this 
modification that changes the algebra from a "trivial" abelian shift in the spinor to an 
ordinary supersymmetry algebra, indicating that the theory may be embedded in a theory 
with linear ^ = 2 supersymmetry with the u(l) part of A as the Goldstone fcrmion. We 
find it very striking that the requirement of non-linear supersymmetry contains practically no 
information on the structure of the interactions not already implied by linear supersymmetry. 
It will be interesting to examine whether this statement continues to hold at higher orders. 

Appendix A: Spinors and Fierz identities 

We use real chiral (Majorana-Weyl) spinors throughout the paper. The two chiralities are 
distinguished by subscript for the (00010) representation {e.g. Da) and superscript for the 
(00001) {e.g. A"). The F-matrices are thus not Dirac matrices but "Pauli matrices"; we use 
the same notation F for F"^ and F""'^. 

In deriving the final form of the equations of motion one needs to rearrange a number of 
trilinear A terms. For this purpose the following Fierz identities are quite useful. The general 
identity 

{XA{x),BX} = ^{x,rMBriA'x + ^{x,r^'''"'x}BrijkimA*x {a.i) 
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(A.2) 



leads to the various Fierz identities 

(Ar[a{A),r6]A} = ^{A, r'A}ra5iA + ^{A,ra(,y7jA}r'^*'A , 
(AP{A),r„MA} = {A,r[„A}r(,]A- |{A,rA}r„6iA + ^{A,r„6i,feA}r^'=A , 
(Ara6s{A),r*A} = {A, r[oA}r(,]A + |{a, PAjrabjA- -^{x,Tabijk^}^^^''^ , 
(Ary[a{A),r'-'fe]A} = |{A,r*A}ra6jA - ^{x,TabijkX}^^^'' ^ , 

(AP^'={A),r,b,,feA} = 42{A,r[„A}r6]A- f {A,PA}r„b,A- |{A,r,6i,fcA}r^'=A , 
(Ar„6,,fc{A),P^'=A} = 42{A,r[„A}r6]A+ ^{A,PA}r„,,A + |{A,r„6i,-,A}P^^^ . 

Eq. {A.i) is most easily derived by recalling that (AA{A),i?A} means (A"^AA^)(_BA'-^)a — 
(A'^AA'-^)(i3A^)a (the B and C indices are contracted by a structure constant, but it is only 
the symmetry that is relevant here), and then use the following expansion of the product 
of two spinors anti-symmetrised in the adjoint indices and hence symmetrised in the spinor 
indices: 

= ^(r'^)«/3(A^r„A^) + 5^(r''^='^«)„^(A^r„,,deA^) , (A.3) 

where the coefficients follow directly from the trace formulae for chirally projected 16 by 16 
F-matrices: 



and 

(pai...a5)a/3(p^^ ^j^^ = tr{^{i + f " )f f ^-''^ ) 

= 16-5!C;.t + 16e"-"%,...6, , 

(r"^-"=)a/3(r6,...6,r^ = M5(i-r")f«-«=f 

= 16-5!5»-;;»/-16e«---«^,...6, , 

where tr refers to traces over non-chiral 32 by 32 T matrices. 

Other useful Fierzes, involving expressions like (Ar'D-' A)riDjA which with an explicit 
M becomes M'^BCoiX'^T'Di X'^)TiDj\^ , are: 



(Ar^D^A)FiD,A = ^(£»'AFi,feAA)F'^'^A , 

ir£),Ar.Di.A^F*-'*=A . 

{A.6) 



{XrD^\)TjDi\ = ^{D^XTijkDiX)r^''X+liDiXTjDkX)r^''X , 



{Xr^''D'X)TijkDiX = -i(£>'AFyfeAA)r'^'=A , 
{Xr^''D'X)TijiDkX = -j^{D'XTijkDiX)r^''X + l{DiXTjDkX)r^''X , 

where we have used also the lowest order field equation IpX = 0. 
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